In this paper, we define the generalized ( , )-Fibonacci-Like sequences { , , } associated with the ( , )-Fibonacci and the ( , )-Lucas sequences and then we get some fundamental identities and sums formulas involving odd and even terms of the generalized ( , )-Fibonacci-Like sequences. We obtain the Binet's formula to find the th general term of generalized ( , )-Fibonacci-Like sequences { , , }. Also, the generating functions of these sequences are presented and proved. The corresponding characteristic equation of the equation (3) is 2 − − = 0 and its roots are 1 = + √ 2 + 4 2
Introduction
The Fibonacci and Lucas sequences are well-known examples of the most interesting second order recurrence sequences in all of mathematics. Many authors have studied the Fibonacci and Lucas sequences, some of whom introduced new sequences related to it as well as proving many identities for them (Horadam, 1961; Koshy, 2001; Gupta et al, 2012) . The Fibonacci sequence * + is defined by recurrence relation = −1 + −2 with the initial values 0 = 0, 1 = 1 for ≥ 2, and Lucas sequence * + is defined by recurrence relation = −1 + −2 with initial values 0 = 2, 1 = 1 for ≥ 2. Then, the -Fibonacci sequences and -Lucas sequences are introduced by recurrence relations , = , −1 + , −2 , ,0 = 0, ,1 = 1, ≥ 2, ≥ 1 and , = , −1 + , −2 , ,0 = 2, ,1 = , ≥ 2, ≥ 1 respectively (Falcon 2001; Falcon & Plaza, 2007) . Most of the authors introduced Fibonacci pattern based sequences in many ways which are known as Fibonacci-Like sequences (Harne, 2014; Singh, et al, 2010 Singh, et al, , 2014 Wani et al, 2016) . Some authors defined various -Fibonacci-like sequences. It has obtained a lot of study on the new family of -Fibonacci sequences, -Lucas sequences (Panwar, 2014; Tasyurdu, 2016; Wani et al, 2018) .
The ( , )-Fibonacci sequences and the ( , )-Lucas sequences are defined by second-order recurrence relations , , = , , −1 + , , −2 , , ,0 = 0, , ,1 = 1, ≥ 2 (1) and , , = , , −1 + , , −2 , , ,0 = 2, , ,1 = , ≥ 2
respectively. It is considered some properties of the ( , )-Fibonacci sequences and the ( , )-Lucas sequences (Suvarnamani & Tatong, 2015 , 2016 . The corresponding characteristic equation of the equation (1) and (2) is 2 − − = 0 and its roots are 1 = +√ 2 +4 2 and 2 = −√ 2 +4 2 . Then the Binet's formulas for the ( , )-Fibonacci sequences and the ( , )-Lucas sequences are given respectively by , , = 1 − 2 1 − 2 1 + 2 = 1 2 = − 1 − 2 = √ 2 + 4 . In this paper, we introduce the generalized ( , )-Fibonacci-Like sequences associated with the ( , )-Fibonacci sequences and the ( , )-Lucas sequences and present some identities of the generalized ( , )-Fibonacci-Like sequences.
Results

Generalized
In this section, we define the generalized ( , )-Fibonacci-Like sequences associated with the ( , )-Fibonacci sequence and the ( , )-Lucas sequence and obtain the Binet's formula to find the th term in the sequences { , , }. Also, we found generating functions of the generalized ( , )-Fibonacci-Like sequences.
Definition 2.1. For ≥ 1, ≥ 1 and ≥ 0, the generalized ( , )-Fibonacci-Like sequences { , , } are defined by recurrence relation
with initial conditions , ,0 = 2 , , ,1 = 1 + .
The first values of the generalized ( , )-Fibonacci-Like sequences are 2 , 1 + , + 2 + 2 , 2 + 3 + 3 + , . ..
Definition 2.1 is the general model of the different sequences presented by many authors. We can give with the following corollary. • If = 0 and = = 1, the Fibonacci sequence * + ≥0 (Horadam, 1961) is obtained = −1 + −2 , 0 = 0, 1 = 1, ≥ 2
• If = 0, = 2 and = 1, the Pell sequence * + ≥0 in (Horadam, 1971 ) is obtained = 2 −1 + −2 , 0 = 0, 1 = 1, ≥ 2
• If = 0, = 1 and = 2, the Jacobsthal sequence * + ≥0 in (Horadam, 1996) is obtained = −1 + 2 −2 , 0 = 0, 1 = 1, ≥ 2
• If = 1, = 1 and = 1, the Fibonacci-Like sequence * + ≥0 in (Singh, et al, 2010) is obtained = −1 + −2 , 0 = 2, 1 = 2, ≥ 2
• If = 1, = 1 and = 2, the sequence * + ≥0 in (Gupta et al, 2012) is obtained = −1 + 2 −2 , 0 = 2, 1 = 2, ≥ 2 The relation between ( , )-Fibonacci sequences, ( , )-Lucas sequences and the generalized ( , )-Fibonacci-Like sequences can be written as follows 2 = − √ 2 + 4 2 .
By using these two roots, we obtain Binet's formula of the generalized ( , )-Fibonacci-Like sequences is
where 1 + 2 = , 1 2 = − and 1 − 2 = √ 2 + 4 .
Now, we will give generating functions for the generalized ( , )-Fibonacci-Like sequences { , , }. A generating function ( ) is a formal power series
(5) whose coefficients give the sequence * 0 , 1 , … + given a generating function is the analytic expression for the th term in the corresponding series. 
Proof. The generalized ( , )-Fibonacci-Like sequences can be considered as the coefficients of the power series of the corresponding generating function in equation (5). Let us suppose that generalized ( , )-Fibonacci-Like sequences are coefficient of a potantial series contered at the origin and consider the corresponding analytic function ( ) such that ( ) = , ,0 + , ,1 + , ,2 2 + ⋯ + , , + ⋯
Then we can write
From the equations (6), (7) and (8), we obtain
where , , = , , −1 + , , −2 , ≥ 0 with initial conditions , ,0 = 2 , , ,1 = 1 + from equation (3).
So the generating functions of the generalized ( , )-Fibonacci-Like sequences is Proof. Let , , and ≥ 1 be positive integers. By using the equation (4), we have , , +1 , , −1 − , ,
Using Theorem 2.2, we obtain the Cassini's identity for each sequence in Corollary 2.1. So, we can write following remark.
Remark 2.1. We have the following Cassini's identities for all sequences in Corollary 2.1:
Theorem 2.3. Let , , and be positive integers. For ≥ 2, we have , , −2 , , +1 − , , −1 , , = (− ) −2 (−1 + 2 ( 2 + 4 )). Proof. Let , , and ≥ 2 be positive integers. By using the equation (4) ( 1 − 2 ) 2 + ( 2 1 2 −1 − 2 2 2 −1 − 2 1 2 −1 + 2 2 2 −1 ( 1 − 2 ) 2 − ( 2 1 2 − 2 2 2 − 2 1 2 + 2 2 2 1 − 2 )
= (− ) − (−1 + 2 ( 2 + 4 )) , , 2 . ∎ Using Theorem 2.4, we obtain the Catalan's identity for each sequence in Corollary 2.1. So, we can write following remark. ( 1 − 2 ) 2 − ( 2 1 2 + + − 2 2 2 + + − 2 1 2 + + + 2 2 2 + + 1 − 2 ) + 2 ( 1 2 + ( 1 2 + 1 2 − 1 + − 2 + ))
, , + 2 (−1)(− ) ( 2 + 4 ) , , , , = (− ) (1 − 2 ( 2 + 4 )) , , , , . ∎ Using Theorem 2.5, we obtain the Vajda's identity for each sequence in Corollary 2.1. So, we can write following remark.
• The Pell sequence * + ≥0 : + + − + + = (−1) 2,1, 2,1, • The Jacobsthal sequence * + ≥0 : + + − + + = (−2) 1,2, 1,2, • The Fibonacci-Like sequence * + ≥0 : + + − + + = (−1) +1 4 1,1, 1,1, • The sequence * + ≥0 :
1,2, 1,2, Theorem 2.6. Let , , , and be positive integers. Then we have , ,
, , +1 + , , −1 , , = (1 + 2 ( 2 + 4 )) , , + + 2 , , + . Proof. Let , , , and be positive integers. By using the equation (4) , , +1 − , , +1 , , = (− ) (1 − 2 ( 2 + 4 )) , , − . Proof. Let , , and ≥ be positive integers. By using the equation (4), we have , ,
, , +1 − , , +1 , , = *(
( 1 − 2 ) 2 + ( 2 1 + +1 − 2 2 + +1 − 2 1 + +1 + 2 2 + +1
( 1 2 − 1 2 )( 1 − 2 ) ( 1 − 2 ) 2 − 2 ( 1 2 − 1 2 )( 1 − 2 ) = 1 2 ( 1 − − 2 − ) 1 − 2 − 2 1 2 ( 1 − − 2 − )( 1 − 2 ) 2 = (− ) , , − − 2 (− ) , , − ( 2 + 4 ) = (− ) (1 − 2 ( 2 + 4 )) , , − . ∎ Using Theorem 2.7, we obtain the d'Ocagne's identity for each sequence in Corollary 2.1. So, we can write following remark.
Remark 2.4. We have the following d'Ocagne's identities for all sequences in Corollary 2.1:
• Proof. Let be positive integer. By using the equation (4), we have + (1 − 1 2 )(1 − 2 2 ) (2 − 1 2 − 2 2 − ( 1 2 +2 + 2 2 +2 ) + ( 1 2 + 2 2 )( 1 2 ) 2 ) = 1 (1 − 1 2 )(1 − 2 2 ) ( 1 + 2 + (2 − 1 2 − 2 2 )) − 1 (1 − 1 2 )(1 − 2 2 ) ( 1 2 +2 − 2 2 +2 1 − 2 + ( 1 2 +2 + 2 2 +2 )) + 1 (1 − 1 2 )(1 − 2 2 ) ( 1 2 − 2 2 1 − 2 + ( 1 2 + 2 2 )) ( 1 2 ) 2 = + (2 − 2 − 2 ) − , ,2 +2 + 2 , ,2 1 − 2 − 2 + 2 . ∎
Discussion
In this study we defined new recurrence sequences called the generalized ( , )-Fibonacci-Like sequences. Some properties involving terms of these sequences, Binet's formula and generating functions were presented. We obtained the fundamental relationship between these sequences and well-known the ( , )-Fibonacci sequences, the generalize the Fibonacci sequences, the Fibonacci sequence, the Pell sequence, the Jacobsthal sequence, some Fibonacci-Like sequences. We gave some fundamental identities like Cassini's identity, Catalan's identity, Vajda's identity and d'Ocagne's identity for the generalized ( , )-Fibonacci-Like sequences and their sums.
